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ABSTRACT: We present non-extremal magnetic black string solutions in five-dimensional
gauged supergravity. The conformal infinity is the product of time and S' x &}, where
Sy, denotes a compact Riemann surface of genus h. The construction is based on both
analytical and numerical techniques. We compute the holographic stress tensor, the Eu-
clidean action and the conserved charges of the solutions and show that the latter satisfy
a Smarr-type formula. The phase structure is determined in the canonical ensemble, and
it is shown that there is a first order phase transition from small to large black strings,
which disappears above a certain critical magnetic charge that is obtained numerically. For
another particular value of the magnetic charge, that corresponds to a twisting of the dual
super Yang-Mills theory, the conformal anomalies coming from the background curvature
and those arising from the coupling to external gauge fields exactly cancel. We also obtain
supersymmetric solutions describing waves propagating on extremal BPS magnetic black
strings, and show that they possess a Siklos-Virasoro reparametrization invariance.
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1. Introduction

Four dimensional black holes are well understood. The uniqueness theorems ensure that for
a given set of asymptotic charges, a unique black hole phase exists and belongs to the Kerr-
Newman family of solutions. Things change drastically in higher dimensions. The discovery
of a five dimensional black ring solution [[]] has shown that uniqueness is violated. This leads
to interesting phase diagrams, where a phase transition between Myers-Perry black holes
and black rings occurs as one increases the angular momentum of the system. The phase
diagram becomes much richer if one spacelike dimension is compactified. The uniform black
string solution, that can be constructed as a direct product of the Schwarzschild solution
times the compact dimension, suffers from a long wavelength gravitational instability, the
Gregory-Laflamme instability [f], but becomes stable above a critical mass. At this critical
mass new static non-uniform strings emerge, with the same horizon topology of the black
string, but without the translational symmetry along the circle. Another phase is given



by Kaluza-Klein black holes, black holes with S* horizon topology localized on the circle.
This localized black hole phase meets the non-uniform string phase in a topology transition
point, the merger point. The dynamics of the decay of these strings is still unclear and
opens interesting questions related to the cosmic censorship. Other phases coexist in the
full diagram, and phases where Kaluza-Klein bubbles are attached to black holes and
multi-black hole configurations have been studied in the literature, showing a continuous
non-uniqueness of static classical black hole solutions for given asymptotic charges (see [,
for reviews on the subject).

The study of black holes in presence of a negative cosmological constant is of particu-
lar interest in the context of the AdS/CFEFT correspondence [[f] since their thermodynamics
opens the opportunity to shed some light on the non-perturbative aspects of certain field
theories and on their thermodynamical phases. For example, the Hawking-Page transi-
tion [[f] between thermal AdSs and the Schwarzschild-AdS; black hole corresponds to a
thermal phase transition from a confining to a deconfining phase of D = 4, N' = 4 SYM
on R x §3 [E], while the phase structure of Reissner-Nordstrom-AdS black holes, similar
to that of the van der Waals-Maxwell liquid-gas system, is connected to the study of the
SYM theory coupled to some background R-symmetry current [, [[d]. Moreover, if one
compactifies the SYM theory on a Scherk-Schwarz S!, the resulting low energy dynamics is
that of a 241 dimensional Yang-Mills theory that undergoes a deconfining phase transition
at finite temperature. Lumps of deconfined plasma have then an effective description in
terms of fluid dynamics. The phases of this fluid, studied in [[1], [[J], are directly related
to the black hole phases of the gravitational description.! The existence of plasmarings
suggests the existence of asymptotically AdSs black rings, yet to be discovered. Further
independent evidence has been obtained by the authors of [I4], that found supersymmetric
black rings in AdSs presenting a conical singularity, which plausibly will disappear out of
extremality by balancing the forces.

If one allows for more general topology of the boundary, locally asymptotically AdS
black holes with different horizon topology are permitted [[5, [[]. The horizon of these
so-called topological black holes can be any Einstein space with positive, negative or van-
ishing curvature [I7]]. In this article we will focus on minimal gauged supergravity in five
dimensions, on locally asymptotically AdSs spacetimes with one non-trivial S' cycle at
infinity. The boundary where the CFT lives has then the topology Ry x S x S' where
S can be a two-sphere S?, the Lobatchevski plane H? or the Euclidean space E2. Not
much is known on the black hole phases in this case; uniform, neutral black strings with
S? x S! topology have been found by Copsey and Horowitz in [I§] and then generalized
to higher dimensions and arbitrary S by Mann, Radu and Stelea in [I9]. Electric charge
and angular momentum were included in [R(], while non-abelian black string solution (but
also abelian U(1)) were obtained in [RI]. These solutions are typically numerical, since in
presence of a cosmological constant the black strings cannot be constructed by taking a
direct product with a circle, and the differential equations they verify cannot be solved
analytically. There are exact supersymmetric magnetically charged solutions P2, B3] with

See [E] for recent work on the subject.



horizon topology S? x S' or H? x S!, but their magnetic charge is quantized in terms of
the AdS radius and there is no smooth limit connecting them to the uncharged strings.

In this article we will obtain the general family of magnetically charged black strings in
AdSs, connecting the supersymmetric to the uncharged ones. We construct them by match-
ing numerically the near-horizon expansion of the metric to their asymptotic Fefferman-
Graham expansion [B4]. Furthermore, for some special cases, we are able to find their
exact analytical expressions. We compute their masses and tensions, using the countert-
erm prescription [P, and fix the vacuum energy with the Kounterterm procedure 26, B7].
If the magnetic charge assumes a certain value given in terms of the inverse gauge coupling
constant (corresponding to a twisting of the dual super Yang-Mills theory), the conformal
anomalies coming from the background curvature and those arising from the coupling to
external gauge fields exactly cancel.? The study of their thermodynamics shows in the
canonical ensemble (fixed magnetic charge) a van der Waals-Maxwell phase structure sim-
ilar to the one of the Reissner-Nordstrom-AdS black holes [f, [l0] and electrically charged
black strings in AdSs [R({]: for small magnetic charges, we find two coexisting black string
phases separated by a first order phase transition, which disappears at a critical point as
we increase the charge.

Performing a double analytic continuation, these solutions describe static, magnetically
charged bubbles of nothing in AdSs. For vanishing cosmological constant, the Kaluza-Klein
bubbles can have arbitrarily negative energy, implying an instability of this vacuum sector
of Einstein’s equations. For asymptotically AdS solutions, the existence of a stable ground
state in the dual field theory description implies a lower bound on the mass of these
solutions. This has led to the formulation of the positive energy conjecture for locally
asymptotically AdS spacetimes [R§], that has been discussed in [[L§ in presence of one
compact direction on the boundary. We show that the static magnetically charged bubbles
exist for any size of the S! at infinity in contrast to the uncharged case where bubbles exist
only below a critical size of the S'. Moreover, the quantum phase transition occuring in
the strongly coupled gauge theory as one varies the size of the S! [I§] becomes a quantum
phase transition between the vacua dual to the small and large bubbles of nothing, and
disappears for magnetic charges above a critical charge. We expect the lowest energy bubble
to have the lowest energy among all solutions sharing the same asymptotic structure, as
was conjectured for the uncharged one. It would be interesting to check this by some
explicit calculation.

Finally, we turn the attention to supersymmetric black strings and generalize the exact
supersymmetric black string solution of [23, in two ways. First, we include electric
charge, and find new exact solutions representing supersymmetric dyonic black strings
with H? x S* topology of the horizon. Then, we construct BPS solutions corresponding to
magnetic black strings with waves propagating along them. We show that the latter, enjoy
a large Siklos-Virasoro reparametrization invariance.

The outline of this article is as follows. In section f| we derive the new non-extremal
magnetic black string solutions in five-dimensional minimal gauged supergravity, and

2This was already noticed in [E]



present along with the numerical results some new exact solutions. Section ] is devoted
to the properties of the solutions. We compute the conserved quantities, the conformal
anomaly of the dual CFT, and we study their thermodynamics, showing the emergence of
a van der Waals-Maxwell phase structure. In section [ we find new exact supersymmetric
solutions with H? x S! horizon topology, generalizing the known BPS magnetic string to
non-vanishing electric charge and momentum waves in addition to the quantized magnetic
charge. We also show that it enjoys a large Siklos-Virasoro reparameterization invariance.
We conclude in section [] with some final remarks. The first terms of the Fefferman-Graham
expansion for the magnetic black strings are given in appendix [Al.

2. Non-extremal magnetic black string solutions

2.1 Action principle and field equations

The theory we shall be considering is minimal gauged supergravity in five dimensions, with
bosonic action

Iy = MlG/M Kf+392> *x1— %F/\*F— 3\2/§F/\F/\A] — % Wd%ﬁf{,
(2.1)
where R is the scalar curvature and F' = dA is the field strength of the U(1) gauge field.
K, appearing in the Gibbons-Hawking term, represents the trace of the extrinsic curvature
of the boundary defined as

1
Kij = —i(vmj + an,‘) , (2.2)

with n/ denoting the outward pointing normal vector to the boundary and 7i; the induced
metric. The equations of motion following from (2.1]) are

1
Ry, = 2F,,F," — ggw(F2 +12¢?), (2.3)
2

dxF +
V3

FANF =0, (2.4)

where F? = E, Fr.
In order to find non-extremal string solutions, we choose the ansatz

ds? = — eV di? + 2T d22 + 2V dr? +12d02 (2.5)

where V, T, U are functions of r only and in denotes the metric of a two-manifold S of
constant Gaussian curvature k. Without loss of generality we can restrict ourselves to the
cases k = 0,+1; S is a quotient space of the universal coverings S* (k = 1), H? (k = —1)
or E? (k = 0). Explicitly, we choose

dQi = d6* 4+ S(0)*dy?, (2.6)
with
sinf, k=1,
S(0) = 6, k=0,

sinhd, k=-1.



We also assume that the direction z is periodic with period L. In five dimensions, strings
can carry magnetic charge. So we take the magnetic ansatz

Fy, = kgS(6), A, = kq / S(0) do (2.7)

for the U(1) gauge field. With this choice, the Maxwell equations (P-4)) are trivially satisfied.
Plugging the line element (2.5) into the Einstein equations (2.3), yields the following set
of coupled ordinary differential equations:

[\

2Vl 2 [k

e 2V [V’T’ VU + V"4 (V)2 + =3 (73) +4g°, (2.8)

27" 2 (kq\?
e—2U |:VIT/ _ T/U/ + T/I + (T/)2 + . — § (Tg> + 492’ (29)

20" 2 (kq\?
o2V [v” + (V)= VU T (T =TV = == | =2 (ﬁ) +4g° (2.10)

—2U / / ! 4 kq ? 2.2

—e (VT = U) 1] k=g () —dgtt (210)

We now define F = V 4+ T and G = V — T and consider the difference between (R.§)
and (R.9), which, after integration, gives

G =L U-F, (2.12)

where p is an integration constant. Note that for extremal solutions one has T = V', which
implies G = 0 and hence . = 0. Thus u can be interpreted as a non-extremality parameter.
Equation (R.11)) can be rewritten in the form

1

Fr=Vfru — = (2.13)
T
with " (k )2
4(kq
=4¢%r + = — . 2.14
f(?’) gr + r 37“3 ( )
Using (2.13) in the sum of (R.§) and (R.9) yields an equation for U only,
! 4 k 2
eQUf2+3U/f+f/+U//e—QU_i_U?e—QU — 8% + 5 <Tg> 7 (2.15)
which can be written in the more convenient form
1 4 (kq\?
vy +3y' 4y = () - 2 [f’ —8¢°— 3 <TQ> ] =2f? (2.16)

by defining y = e2V. The only equation that we did not use up to now is (R.10). Sub-
tracting the sum of (R.§) and (R.9) from (R.10), and using (R.12) and (R.13), one obtains
2

u? L 307 1 3 1 k kq\ 2
ﬁe 2F:€ 2U T+§(U/)2—ﬁ +§G2Uf2+fU,+ﬁ—2 7’72 . (217)



Notice that in the extremal case T = V, u = 0, this implies a first order differential
equation for U.3 It is straightforward to show that solving (R.I7) for F, deriving with
respect to r, and using (R-17), leads to (B.13). Thus, in order to find the complete solution,
one first solves (R.16) to get y. Plugging this into (R.17) gives then F, and finally (R.12)
yields G. Then all the field equations are satisfied. We have thus decoupled completely
the field equations and reduced the problem to solving a non-linear ordinary second order
differential equation. Unfortunately, solving (R.1) is a quite formidable task, and we did
not succeed in finding the most general solution, so that in the general case we have to
resort to numerical techniques. Nevertheless, it is possible to obtain some particular exact

solutions, which we will discuss in section P.3.

2.2 Asymptotics

At large r, the functions appearing in the metric admit the Fefferman-Graham expan-

sions [B4]

1 » 1
y:(gr)2+f0+§n(gr) c;t+c+co 0(117“)7

(gr)? (gr)? ot
e’ = (gr)* + ao + ”(lggg) + (gc:)2 +0 <1;14r> , (2.18)

02V — ()2 xIn(gr) ct Inr
— (gt *(gr)ﬁO( >

Substituting these into the equations (R.1q), (R-17) and (R.19), yields the coefficients

2k k kgq)?
fozga a0:b0:§7 00:(9.3?) )
2 ‘ (2.19)
= —[1—12(gq)? —x=2
£=4l (99)°], P=EX=3,
plus the relation
s — ¢ = % . (2.20)

Therefore the expansion at large r depends only on the two constants ¢; and c,.
We assume in addition that there is an event horizon at r = 7, and that the metric
functions can be expanded into a Taylor series near 7,.* Then the Einstein equations

3This first order equation implies (P.15).

“Note that the latter assumption, while reasonable for non-extremal solutions, is violated for the extremal
supersymmetric black strings found in @] ‘We will see below how the near-horizon expansion looks like in
the extremal case.



imply

12g27"f11 + 31{:?"}2l — 4(kq)?
y =

37“}31 (r =)
6g2%r+ + 3kr?2 — 8(kq)?
——— ; (k) (r—r)>+0((r —m)?),
3y
- day [6g%r} + (kq)?]

= — 2.21
¢ fn + 7"h[12g]27“f1 + 3krf1 — 4(kq)?] (r =) ( )

N 4an[36g 7} + 4(kq)* — 3k3(qri)* — 67 (kgq)?]

r2[12¢2ri + 3kr? — 4(kq)?)?
bn[6g%r + 3kr? — 4(kq)?]
rh[1292rﬁ + 3kzrﬁ — 4(kq)?

(r = 71)* + O((r = m)*),

eV =bp(r—m) — (r—r)*+O((r —m)?),

where
1242

anry [12¢%r¢ + 3kr} — 4(kq)?]

by, = (2.22)
Equation (R.1€) actually admits two further expansions for y with different coefficients.
One of them is not compatible with the desired behaviour of V' and T close to the horizon,
while the other is given by

y = as(r — rh)2 +O((r — rh)3) , (2.23)
with
5k 9k2  46¢%k
=22¢9° + — + ,[228¢% + . 2.24
a2 g+ 2T}21 \/ g 47“;"1 + 7“][21 ( )

Notice that the position of the event horizon 7}, is not fixed by the equations of motion for
the expansion (B-21)), while for the second possibility (2.23) one finds f(ry) = 0, so ry, is
given in terms of k and ¢. (R.2J) is related to the extremal case x4 = 0 that we shall consider
below.

For ¢ = 0, (P.1§) and (R.21]) reduce correctly to the expansions at infinity and near the
horizon for uncharged black strings [[[J].

The conditions for a regular event horizon are y'(r,) > 0 and (e?V)/(r,) > 0. Us-
ing (R-21)), these imply aj, > 0 and, in the k = 41 case, the further condition

/= 18k + 6,/9+ 102(gq)?
Th > )

12¢g

(2.25)

which gives a minimal value for ry,.

We note that globally regular solutions with r, = 0, which exist for ¢ = 0 [[9], are not
allowed for non-vanishing magnetic charge q.

From eqgs. (R.17) and (R.12) it is clear that changing the sign of u leaves F' invariant,
while G — —G. This means that V and T are interchanged under p — —pu. Looking
at (R.21]), we see that, if a solution with a given value of p describes a black string, then
the corresponding solution with —u is a bubble of nothing, which could have been obtained




also by a double analytic continuation of the black string. For ¢ = 0, such bubble geometries
were considered in [[L§.
Let us finally determine the near-horizon geometry in the extremal case p = 0. Ex-

panding (R-I7) near r = ry, implies then f(r,) = 0. Using (R-21), the terms of order (r—ry,)?
in (B:I7) give the condition 14¢*r2 + k = 0, that, combined with f(ry) = 0, yields ¢* < 0,
which is impossible. Thus, for ; = 0, the correct near-horizon expansion for y must be
given by (2:23). Using this in (R.13) gives after integration

=V = =C(r—rm)"(140(r — 1)), (2.26)

with the exponent

N 169272 —QrﬁoQ + 2k ’ (2.97)

TRe2
and C is an integration constant. Note that « is positive if and only if we choose the lower
sign in (R:24). In the supersymmetric case ¢*> = 1/12¢%, k = —1 [R3 one has rf = 1/3¢>
(cf. the following subsection) and thus as = 4¢* and v = 3/2, which is indeed the correct
exponent [R3]. Introducing the new coordinate p = (r — ry,)7, it is easy to see that the

near-horizon geometry of the extremal solutions is AdS3 x S.

2.3 Exact solutions

3

Despite the complexity of the differential equation (R.14) it is possible to find some exact
solutions that we list in the following.

e k=0,q=0:
In this case the equations of motion are solved by

2T 2 2V 2 I
= =y = — . 2.28
€ (gr)*, e y=(gr) 2972 ( )

Considering z as a coordinate of the transverse space, this can also be viewed as a
black hole, it is the metric found in [[[7].

e k arbitrary, ¢> = 1/12¢%:

In the case of quantized magnetic charge, one finds two exact solutions. The first is
the supersymmetric magnetic string [R3, R3] given by

k k

3 2
2
2T =2V = (gr)% (gr + 3gr> , y= (gr + 3gr> . (2.29)

For k = —1 this has an event horizon at r = 7, = 1/v/3¢g, which is the limiting value
of (2:25).
The second is a non-extremal black string with finite FG expansion for y,

—(r)2+%— 2k? Lk
P a2 T alent
2T -G

e’ =e “gry/(gr)2+k,

(2.30)

2V =% gr/(gr)? + k,



where

o 3(ar)?(k —2) *
=2+ 3k(gr)? — 24/9(gr)* — 3k(gr)? + 1
15— 21k(gr)? + 2v/131/9(gr)* — 3k(gr)2 + 1 s
((gr)? + k) (613 — 21k) ’
and
PEERGEL (2.31)

39
Notice that the two signs in (R.3])) are related by an interchange of T and V; yp — —pu
implies G — —G and thus T — V, V — T.

For k = 0 the above metric gives simply AdSs. In the non-trivial cases k = +1 the
Kretschmann scalar R, .o R*?? blows up as r goes to zero. This curvature singularity
is naked if k = 1, while for £k = —1 it is hidden by an event horizon at r = r, = 1/g
if we choose the lower sign in (B-31)). At the horizon e?" vanishes linearly while e*”
goes to a constant. Comparing with the Fefferman-Graham expansion (PR.1§), we
see that this particular black string solution corresponds to ¢; = —1/8 — v/13/12,
¢, = —1/8 +1/13/12. It has non-vanishing Hawking temperature and Bekenstein-
Hawking entropy. For the upper sign in (R.31) one obtains a bubble solution similar

in spirit to those considered in [[[§].

2.4 Numerical computation

So far we have not been able to solve the differential equations (2.§) to (R.I1)) analytically
for general r, and ¢q. A numerical evaluation requires some care, since the constants c;
and c, appear as subleading terms in the Fefferman-Graham expansion (.1§). In subsub-
section we will show that these constants determine the mass M and the tension 7
of the corresponding solution. In addition, we have to determine the a priori unknown
constants ay, and by, in the near-horizon expansions (R.21)). In particular, as we will show
in subsection B.2, ay, is required to compute the area of the event horizon, and hence the
entropy S and Hawking temperature Ty of the corresponding solution. With boundary
conditions given at r = 7y, the numerical evolution of the solutions to large r therefore has
to be accurate enough to extract ¢; and c, from the subleading terms in the asymptotic
expansions (R.1§), and also to fix a, and by, a posteriori.

The boundary conditions taken from the near-horizon expansions in (P.21)) depend on
the a priori unknown constants a;, and by,. These constants have to be chosen such that the
asymptotic expansions are of the Fefferman-Graham form as in (P.1§), i.e. the coefficients
in front of (gr)? should be exactly one. This is always the case for y = e~2U, but not for
e?T and e?V. Since T and V enter the differential equations (R.§) to (R.11]) only via their
first and second derivatives, the respective solutions are only determined up to an additive

2

constant, i.e. the corresponding warp factors e*I and €2V can be rescaled by appropriate

constants. Such rescalings correspond to rescalings of respectively z and ¢ in the ansatz



for the metric (.5). The freedom of the rescalings is uniquely fixed by the condition that
the asymptotic expansion has to be of the Fefferman-Graham form, which determines ay,
and by, in the respective near-horizon expansions (-21)) of e?” and e?V. We can therefore
start from arbitrary non-vanishing initial values for a, and by, and determine the solution
of the differential equations. The correct values for ay, and by, are then found afterwards by
dividing our initially chosen values by the corresponding coefficients in front of the (gr)?
terms in the asymptotic expansions of our found numerical solutions.

We use (.§), the linear combination (R.10) — (R.§) — (B.9) + ﬁ() and (R.11]) for
the numerical evaluation which we perform with mathematica. It turns out that a direct
integration of the three equations for the three functions y; =y = e 2V, yp = T, y5 = &2V
does not provide the required accuracy: the values for ¢; and c, strongly depend on the
values of r > r,, which we use to fix the asymptotic expansions. We therefore first separate
the leading near-horizon and leading asymptotic behaviours from the unknown subleading
contributions by introducing new functions for which we derive differential equations that
can be integrated with higher numerical accuracy. The original functions y; are therefore

split into a product of two functions as®

ymﬁzp4m<b+ffﬁﬂ, i=1,23, (2.32)

where the p; are chosen as follows

1 logu ¢ (u — up)*
2 2 %
i(u) = = (fi — g —_— ; — | ———. (2.33
pi(u) = v+ fi — (fi gl+uh)1+(u—uh)4+ (5@ 02 +u2>1+(u_Uh)4 ( )
We have thereby introduced the dimensionless variables v = g¢gr and u, = gr,. The

constants f;, &, ¢; follow from (2.1§) and inherit their names from the expansion of y; = y.
The constants g; consider that the near-horizon expansion of y in (P.21]) starts with a
constant. We identify

fi=(fo,a0,b0), &G =(&px),  c=1(c00,0),  gi=(0,1,0). (2.34)
The functions u;, which expand as
finni (1) = gi + 2un(u — un) + (v — up)® + O((u — up)?) (2.35)
near the horizon then have the asymptotic behaviours

logu ¢ 1
— 2 . ) ?
Nasy,i(u) =u"+ fz + 527 + ﬁ + O(UA) , (236)

which are the known parts of the asymptotic expansion of y; in (R.1§) without ¢; and c,.

5A similar ansatz has been used in @]

~10 -



To match the near-horizon expansion of (R.33) to the near-horizon expansions in (2.21)),
using that p; expands as given in (R.35), the w; themselves have to expand as

wi(u) = (1+ ) [1 + L <uﬁk _ g(kgq)2>]

Quﬁ
1+ 13ub 4
T 75% <Uﬁk‘ - (kgq)2> + 6u151] (u—up) + O((u —up)?),
4uh 3
wa(u) = (1+ uﬁ)(ah -1)
[ 2 6 2
ah 2 6 s Bup(l+wup)(12uy + k) 5
— |21+ 20} — 5uf + 2uf — 6 B
L ( + 2uj, — duyp, + 2uy, 12ul & 3u2k — 4(kgq)? + 6up | (u — up) .
+O((u —uy)?),
b
wate) = () o
3bn 1 1+13u8 [, 4, .
e k— =(k 48
* [4Uh 12Uﬁ + 311%/{7 — 4(kgq)? < Uup <uh 3( 9q)” | + 48uj,

- ﬁui] (u— )+ O((u—w)?)

This result is used to specify the boundary conditions for integrating the differential equa-
tions for the w;. In our numerical evaluation this cannot be done exactly at u = up. We
have to specify wq (ug), wa(ug), ws(ug), wh(up) at ug = up(1 + €), where the minimal pos-
sible value for ¢ < 1 depends on the numerical integration routine. The results presented
here are all obtained with ¢ < 107%. We initially fix a, = b, = 1. We then fit to the
found solutions the two functions piasy; and % As explained above, the correct values
for ay, and by are then found by dividing their initially chosen values by the coefficients of
respectively flasy,2 and fiasy 3 in the corresponding fit-function. To increase the accuracy,
it is advantageous to repeat this procedure with the new values for ay and by, until the
coefficients in front of fiyp 2, pinn,3 are compatible with one. In this way we can achieve an
accuracy better than 10™® for these coefficients. The final fit then yields ¢; and c, as the
respective coefficient of the second fit function 1712 A fit of the functions fiasy,1 and % to
the result for y; independently also determines the sum ¢; + ¢,.

The information on ¢; and c, is directly encoded in the asymptotic expansion of the
second factor in (R-33). It is designed in such a way that the second derivatives sw! at
large u directly give ¢; + c,, ¢, c,. However, in practice only %w’l’ becomes constant at
large u such that one can directly read off ¢; + c,. In the other two cases, a fit of the three
functions w2, u*, u% to the solution based on the correct values for aj and by, yields ¢; and
c. as the coefficients of u2. We also find a very small admixture of u* and u® terms spoils
the constancy of the derivatives %wé’ , %w’g’ at large u. To obtain accurate values for ¢; and
¢, the fits to w; require a determination of the solutions to much larger values of u than
required for a fit to the y;.

The numerical results for the functions w; are nevertheless useful to find the regimes in
which we can trust the numerical results and to determine which interval of large u should

be used for the fits to y; to achieve the highest accuracy. We find that our ansatz (2.32)
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Figure 1: ay, by, ¢, ¢, as functions of uy, for kK = 1 and k = —1 at five values of the magnetic
charge q.

works fine at least for 0 < wy, < 2, which is sufficient for our purposes. For larger uy
it is enough to slightly modify (2.39) by replacing u — oo and (u—h) — (u“—h - 1)
in the interpolating factors. Furthermore, in the regime 0 < w < 2 a restriction to
up < u < 100 avoids the regime of increasing noise above u ~ 120, and it suffices to fit the
asymptotics with high precision. This we have checked by reproducing the exact results of
subsection @ For fits in the interval 0.8 umax < % < Umax With Umax = 100 we obtain the
highest relative accuracy, which in any case is better than 107 for ¢; and c..

For given ¢ = 1, k = £1 and charge ¢ we compute ay(up), bn(un), ci(un), cz(un)
for sufficiently many values of wy,. The corresponding results for umm < up < 1 are
presented in figure ] for k = 1 and k = —1 at five values of the magnetic charge q. These
results allow us to determine the inverse Hawking temperature Ty as a function of the
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entropy S, and the free energy F' as a function of Tyy. To determine the critical charge
Qerit, We fit a linear function to data points which we concentrate around the estimated
turning point and vary ¢ until the slope of the fit function is compatible with zero. This
allows us to determine gqgcit = 0.13586(1). We have determined the error, which only
affects the last digit, by the lower and upper bound for ¢ which undoubtedly are below
and above gcrit, respectively. At ¢eit we then fit a cubic polynomial to the data points
around the estimated turning point. This then fixes the turning point more precisely to
(Sg—‘g/i, i) = (0.017278(Z0 000010)> 7-12673(T0 00002))» Where we estimate the errors from the
corresponding fits in which g assumes the value of the lower or upper bound of ¢.i;. Finally,
we should remark that the corresponding data-files for all the plots are available as parts
of the source files of this paper. They are called [xquantity] [yquantitylql[value of q

as integer] [neg/poslk.dat.

3. Properties of magnetic black strings

3.1 Conserved quantities
3.1.1 Standard counterterm method

To compute the mass and tension, which we expect to be encoded in the constants ¢; and

¢, appearing in (R.1§), we use the counterterm procedure for spacetimes with negative
cosmological constant proposed in [RH]. One obtains a finite quasilocal stress tensor

y 2 61
T = — (3.1)
V=7 07
by adding to the action (2.1]) a counterterm I,
Iien = IO + Ict(’)/ij) 5 (32)

where 7;; denotes the induced metric on the boundary OM, which we take to be a hy-
persurface at constant radial coordinate r. By requiring cancellation of divergences in the
limit » — oo, one finds the explicit expression for I [BF],

1 R
Iy = —— d*z /=< -39 (1+ =
YT URAG o 7{ g( +1292>
In(gr) [ 1 [1_o i .
“R? - R;: R F.Fi|} )
T [492 <3R Ri;RY ) + F (3.3)

where R and R% are the curvature and the Ricci tensor associated with the metric . The
first term in the second line of (B.3) is the usual expression required to cancel logarith-
mic divergences [RJ] that appear in odd dimensions, while the second one is due to the
presence of additional matter fields (in our case a U(1) gauge field) in the bulk [Bd]. A
logarithmic contribution to the counterterms also appears naturally in a reformulation of
the holographic renormalization procedure in terms of the extrinsic curvature [BI]].
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Varying the renormalized action (B.2) with respect to the boundary metric 7;; leads
to the holographic energy-momentum tensor

T,L] _ 2 6-[1'61'1
V= 07

1 { Kii — Feoyii 4 L i
29

- 8rG

In(gr) [ 1 (1 0  ij o Ao ikl
— [ =YYR — YR R™ — = RRY + 4RY'R 4
5 [492 (37 YR 3 + ki (3.4)
1 2 y
+20 (R” — 2%7@) +3("0-V'V) R)
+ Y F FF— 4FikFﬂ’Ykl] } .
Let S; be a spacelike hypersurface at constant ¢, with unit normal n, and ¥ = %S; N OM,

with induced metric o. Then, for any Killing vector field £ associated with an isometry of
the boundary four-metric, one defines the conserved charge

Qg:/zd:s:v on' Ty &0 (3.5)

The charge associated to time translation invariance (£ = ;) is the mass M of the space-
time. Evaluating (B.H) for r — oo we obtain

LV, k2
= TorGs [CZ — 3¢ + 12} , (3.6)

where L denotes the period of the z direction, and Vj, is the area of the angular sector,®
Vi = [ dode S(0).

A naive application of (B.H) to compute the conserved charge associated to & = 9,
yields zero, because there is no momentum along the string.” Nevertheless, there exists a
non-vanishing charge corresponding to translations in z, namely the string tension 7" [B3-
BA], which can also be computed using (B.H), but now n is the unit normal to a surface of
constant z. In our case we get for the tension per unit time

Vi
167Gy

]{32
3¢, —ct — —| . 3.7
Note that (B.6) and (B.7) coincide with the results obtained in [[Ld] for the uncharged case.

The vacuum is given by the supersymmetric solution (R.29), which corresponds to ¢; =
c. = k?/24 and has thus vanishing mass and tension. Therefore, the standard regularization
does not produce any vacuum energy. Notice, however, that this procedure suffers from
an ambiguity. In fact, to the minimal counterterm action (B.3) one can always add terms

YV} is finite if one compactifies the two-surface S to a torus (k = 0) or to a Riemann surface of genus
h > 1 (k = —1). One has then Vi = |Imr|, with 7 the Teichmiiller parameter of the torus, and, using
Gauss-Bonnet, V_1 = 47(h — 1). In the case of non-compact S one can define a mass per unit volume.
"Solutions with momentum along z will be discussed in section E
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quadratic in the Riemann tensor, Ricci tensor and Ricci scalar of the boundary. As in four
dimensions the variation of the Euler term

&1 = V=7 (Ri R — 4R ;R + R?) (3.8)
vanishes, the general quadratic term that produces the ambiguity simplifies to

1

Al = —
‘ 8rGg3

/ d*z =7 (aR;;RY + BR?) , (3.9)
oM

with o and (8 denoting arbitrary constants. This yields an additional contribution to the

stress tensor,

ATY =

e [W (aRklel n me?) 4 (an“fﬂnkl n ﬂRRZ’J’)

—2a] <R” — 27”7%) —(a+28) (v""O-V'V/) R} ;
in particular, the variations of the energy (B.6) and the tension (B.7) are

B k2LV,
4Gy

k2V;,

AM =
4Gy

(a +20) and AT =

(a+20) . (3.10)

Therefore, conserved quantities are well determined only with the further specification of
the prescription that is assumed regarding quadratic terms in the counterterm action.

3.1.2 Holographic stress tensor and conformal anomaly

An important information on the CFT dual to the black string solutions (R.5) is encoded in
the expectation value of its energy-momentum tensor, that we wish to compute now. The
metric of the background upon which the dual field theory resides is found by rescaling

1
I (g (310
which yields
S 1
hij da*da’ = —dt* + d2% + — dQf (3.12)
g

and so the conformal boundary, where the N' = 4 SU(N) SYM theory lives, is R x S* x S.
The stress tensor expectation value (7j;) can be computed using the relation [B7]

VR B (T = lim /=397 T, (3.13)
which gives
pty — 9 _ _kj rzy 9 . _kj
(T) = e [3@ sy 12] , (T?,) = e |:36Z CRETIR
12 (3.14)
[y — (e )y = 9 2 K
(B4 = (%) = i |-+ o - &)
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i.e. an anisotropic perfect fluid form. As expected, this stress tensor is not traceless,
. gk? 9
7y — [1 ~12 ] . 3.15

The first part of (B.15) matches exactly the conformal anomaly of the boundary CFT
coming from the background curvature

N? o1
A= 37 <Rij7w — 3R2> , (3.16)

if we use the AdS/CFT dictionary N? = 7/(2Gg?®). The second part of (B.15), propor-
tional to ¢?, results from the coupling of the CFT to a background gauge field. The two
contributions exactly cancel when the magnetic charge assumes the value
9 1
q° = 1247 (3.17)

This is precisely the behaviour we expect; in fact choosing (B.17) in (R.1§) has the effect
of cancelling the logarithmic terms in the Fefferman-Graham expansion, which produce
the anomaly. Notice that the generalized Dirac quantization condition (B.17) was found
in [, RJ] by requiring supersymmetry. Maldacena and Nufiez showed that it corresponds
to a twisting of the dual SYM theory [i(): Putting a supersymmetric field theory on
a curved manifold generally breaks supersymmetry, because one will not have a Killing
spinor obeying (0; + w;) € = 0, where w; denotes the spin connection. If, however, the field
theory has a global R-symmetry, it can be coupled to an external gauge field that couples
to the R-symmetry current. If we choose this external gauge field to be equal to the spin
connection, A; = w;, we can find a covariantly constant spinor since (9; + w; — A;) € = Ose,
which vanishes for constant €. The resulting theory is called ‘twisted’, because the coupling
to the external gauge field effectively changes the spins of all fields. The requirement
A; = w; yields precisely the charge quantization condition (B.17).

Notice finally that the ambiguity due to the quadratic contributions (B.9) to the action
does not affect the Weyl anomaly, because

(AT) =0, (3.18)
as it can be seen from (B.10).

3.1.3 Kounterterm procedure

A different approach to regularize both the conserved quantities and the Euclidean action
for asymptotically AdS spacetimes is given by the Kounterterm proposal [B€, 7], consider-
ing covariant boundary terms depending on both extrinsic and intrinsic quantities, instead
of the Gibbons-Hawking term plus intrinsic counterterms,

Iren 16

1
7 /M d™ley/=g (R —2M) — ¢g /6/\/1 d%cBy(v,R(7), K) . (3.19)

B, is a polynomial in the induced metric, the boundary Riemann tensor and the extrinsic
curvature. With a suitable choice of By one is able to achieve a well-posed variational
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principle and to solve the regularization problem at the same time. The main advantage
of this procedure is that it provides a closed formula for the charges in all dimensions.
This is a consequence of the use of geometrical boundary terms related to topological
invariants and Chern-Simons forms which are not obtained through the algorithm given by
holographic renormalization. Therefore, to obtain their explicit form, we do not face the
technical difficulties of standard AdS gravity regularization.

We now focus on the main features of the procedure and specialize to the five-
dimensional case. The corresponding coupling constant ¢4 is fixed demanding the total
action to be stationary under arbitrary on-shell variations of the fields that respect the
asymptotic form of the metric in asymptotically AdS spacetimes, i.e.,

Q 2¢[ap]
Ry + g%, =0 (3.20)
and
Ki=gét. (3.21)

As it has been argued in [BI], a Dirichlet boundary condition on the metric 7;; does not
really make sense in spacetimes with conformal boundary, as it is the case of asymptotically
AdS spaces. Indeed, the boundary metric blows up as the boundary is reached. This can be
seen as a motivation to introduce the regular asymptotic condition (B-21)), because it does
not induce additional divergences in the variation of the action, and yet it is compatible
with the idea of holographic reconstruction of the spacetime.

The boundary term in five dimensions is given by

[F1d2g3]” i1 i2i3 is %ig

By = y/=roliviais) g <jo2]’3 CKEED 932 572 5;3) 7

and is multiplied by a coupling constant ¢, = 1/(1287Gg?).
Conserved quantities are defined as Noether charges associated to asymptotic Killing
vectors &. Their expression appears naturally split into two parts,

Q&) = q(&) + (&) , (3.22)
where the quantity
q(€) Z/Ed%\/g (Uj ¢ §i> :

= L sl geingia (Rivia g 2glisis
= Gamagr A (R + %031)

. (3.23)

q
provides, in general, the mass and the angular momentum for point-like solutions, but also
for topological black holes. It can be noticed that the above formula is identically vanishing
for the AdS vacuum. Therefore, the second contribution in (B.23)

() = [ v (1, €)

J _ [772--.44] 1 1 1 1 131 ) 7 2¢13 ¢t
U0 = " To8rGg? Olinia-ia] <5j§Kil+‘5z‘2Kj§) (Rﬁ%fi — KKty 5J§5ji) )

(3.24)
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is truly a covariant formula for the vacuum energy for any asymptotically AdS spacetime
(see [BY] for the vacuum energy results obtained in the standard regularization approach).

For the quantized charge case (B.17), evaluating the first piece ¢(£) in the conserved
charges formula (B.23), we obtain the same values as in the Dirichlet regularization shown
above, for the energy (B.f) if £ = ; and the tension (B.7) if £ = 9,. For the second part,

q0(§), one gets
1 k2 1 k2

_ 2LV, 0,) =——nu-—-—Vi, 3.25
TonGgat Ve 00:) = 1o mogV (3:25)

q0(0r) =
such that there is an additional contribution to the total mass and tension in the Koun-
terterm formalism. One could eventually match these results with the ones obtained using
intrinsic counterterms through the addition of quadratic terms in the curvature (B-9). In
fact, the ambiguity pointed out in (B.10) is able to reproduce the same vacuum energy and
tension for supersymmetric magnetic strings if o and 3 satisfy

1
oa+28=—
B= g5
because there is no an a priori reasoning to rule out the existence of a vacuum energy for
a supersymmetric solution in asymptotically AdS gravity.
One might also supplement the Kounterterms with the logarithmic terms in (B.3),

which would allow the regularization of the conserved charges in the general case.

3.2 Thermodynamics

The Hawking temperature of the black string solutions is obtained by requiring the absence
of conical singularities in the Euclidean section of the metric (R.H). Setting ¢ = it and
using (2:21), the (7, 7)-part of the near-horizon metric becomes

by

do? = hT p?dr? +dp?, (3.26)
where ) 4 2 b2
12g°ry + 3kri — 4
a =1y (m) = 9 "h 3r3h (he) ; (3.27)
h

and the new radial coordinate p is defined by

dr
dp = = (3.28)

4w /+/bpa. This gives the Hawking temperature

1 Iz
T = —+/brav = . 3.29
= 4n V= o Janr? (3.29)

In the last step, we used (R-29).
Computation of the area of the event horizon

A :/ el r25(0)dzdhdy (3.30)
r=ry
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Figure 2: The inverse Hawking temperature ﬁ as a function of the entropy S Ea for k =1 and Eb
for k = —1 at five values of the magnetic charge q. The critical charge for a first order phase
transition present in Ea is given by ¢erit = 0.13586(1). In the first two graphs of Ea with ¢ < @erit
one finds two local extrema and a turning point. At ¢ = gei¢ the extrema and turning point merge
into a saddle point, which vanishes at ¢ > gc;i¢. The graphs of Eb nearly coincide for the five values
q in the plotted range.
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Figure 3: The free energy F' as a function of the Hawking temperature Ty for £ = 1 at four
values of the magnetic charge ¢. The critical charge is given by gcrit = 0.13586(1). In the first two
diagrams with ¢ < geit one finds three branches. At g = gt the branches merge into a single one,
which remains also at ¢ > qcit-
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yields for the entropy
o A i ap T‘ﬁ L Vk
§= =Y (3.31)
Note that for 4 > 0 the thermodynamic quantities (B.6), (B-7), (B-29) and (B-31)) obey the
Smarr-type formula®

M+TL=TyS. (3.32)

As a confirmation of the results obtained so far, we compute the Euclidean action
1 1 5
Iy = ~ G / V9 { +3¢° — fFWF + 6\/gGWWVFWFaﬁAV d°z+Igu + I, (3.33)

where

1
Iog = —— [ d* K .34
o= g [ doVAK, (331)

and I is given by (B.J), with  instead of —v, but with the same overall sign. In our case,
the Chern-Simons term does not contribute, and Ig reduces on-shell to

1 2 1 v 5
Ip== / V9 {29 + g Fuw F" } d°z + Ian + Lot - (3.35)

Plugging in our expressions for ,/g and F?2, the bulk term reads

I = + 2¢° + ———|d 3.36
E,bulk =~ + 3 T, (3.36)
where (3 denotes the inverse temperature and R is some cutoff to be sent to infinity at the
end of the calculation. Using the equation of motion (R.§), this can be integrated to give

LV, R
I, bulk = 68 G’“ [V'el=Us2] " (3.37)

Th

Evaluation of the boundary terms yields

L 2 ko K%l 1
Ign+ It = — PLV F{ r2<F'+T>—3gr2—+n(gr)<q2—ﬂ

811G 29 gr? 1292 )| _
(3.38)
Adding this to (B.37) and taking the limit R — oo, the final result takes the form
Ig = B(M — TuS), (3.39)

with M, Ty and S given by (B.8), (B:29) and (B.31) respectively. The Helmholtz free energy
is thus
Ig
F="3=M-Tys, (3.40)

which correctly coincides with the result we would have obtained by simply Legendre
transforming the mass. Using (B.39), one gets

F=-TL. (3.41)

8Note that a Smarr-type formula has been shown to hold in full generality [Eh
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Figure 4: The free energy F' as a function of the Hawking temperature Ty for k = —1 at gq =
0.13586(1).

Note that the Smarr formula (B.32) is a simple consequence of the scaling behaviour
F(Ty,\L,q) = \F(Tu, L,q). (3.42)

Deriving this with respect to A, using 7 = —(9F/0L)x, 4, and setting A = 1 gives (B.41))
and thus (B.39).

Figures fJa and b show the inverse temperature 3 = 1/T}; as a function of the entropy
S (in units of LV} /G) for k =1 and k = —1 respectively. In both cases, the curves, which
were obtained numerically, are drawn for five different values of the magnetic charge q.
In the k = —1 case the graphs nearly coincide for the chosen values of ¢q. Note that the
functional relationship 8 = (3(S) represents one of the equations of state. We see that for

k = —1 the entropy decreases monotonically with 3 for all values of ¢, so the heat capacity
aS
CL7 = TH <> (3.43)
! T/ g

is always positive, which is a necessary condition for local thermodynamic stability. This
situation changes drastically for £ = 1: If the magnetic charge is smaller than the critical
value gqerit = 0.13586(1), there are three branches of black string solutions, with the middle
branch being thermodynamically unstable. The left one is present only for non-vanishing
q, because otherwise no extremal k = 1 black strings exist. At ¢ = ¢t the turning points
of (S) merge, and disappear for ¢ > guit, so that we are left with one single branch of
stable black strings. Notice that the limit S — 0 corresponds to the extremal solutions
that have zero Hawking temperature, and horizon coordinate 7y, given by the limiting value
of (R.2§). The 3(S) curve reminds us of the P(V) van der Waals equation of state, where
the pressure P is replaced here by 8 and the volume V by S. This analogy was noticed
for the first time and explored in detail in [f, [(] for the case of electrically charged AdS
black holes.? We will have to say more about this later.

9Rotation was included in [@]

— 21 —



3,
2,
g
— g
14 -g
- — 99
99 =
0 ==+

Figure 5: The mass M in dependence of the inverse Hawking temperature Ty for £k = 1 and
k = —1 at five values of the magnetic charge q.

The free energy (in units of LVj/100Gg) as a function of temperature is shown in
figure f (k = 1) for four different values of the magnetic charge ¢ and in figure [ (k = —1),
for a single value of q.

In the hyperbolic case k = —1, there is always one single branch. For £ = 1 and small
charge q < qerit, starting at the left of the plot (low temperature), there is a single branch
of free energy, corresponding to stable small black strings, which we shall refer to as branch
1. At a certain temperature, branches 2 (unstable black strings) and 3 (stable large black
strings) appear and separate from each other at higher temperatures. At some still larger
temperature, branches 1 and 2 meet and disappear, whereas branch 3 continues to the
right.

If we raise the magnetic charge, the swallowtail (i.e. the triangle confined by the three
branches) becomes smaller and finally disappears at ¢ = guit. At this critical point, the
first order phase transition degenerates and becomes of higher order. Finally, for ¢ > geit,
only a single stable branch remains.

Notice that the free energy does not go to zero for Ty — 0, which means that in
general the extremal black string has non-vanishing F. It is easy to see that F' = 0 for the
supersymmetric solution (R.29), which therefore represents some sort of background.

We are however free to add finite counterterms to (B.), e.g. a term proportional to

/ dtay/—yF;; FY. (3.44)

This would give an additional contribution to the Euclidean action that depends on the
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Figure 6: The inverse Hawking temperature i in dependence of the horizon ry, for k =1 at five
values of the magnetic charge gq.

magnetic charge. By adjusting the prefactor of (B.44]) one can probably obtain a free energy
that vanishes for the extremal solution, although we did not check this explicitly.

Finally, by performing the double analytic continuation x = it, 7 = iz, corresponding
to a change of the sign of p, the black string solutions become static magnetically charged
bubble of nothing solutions. The S factor of the metric pinches of at the radius 7, and the
solution is regular if the spatial coordinate y is identified modulo s = 1/Ty = 47 //bpa.
These are zero-temperature solutions, in the L — oo limit, with the same spatial asymptotic
structure S x S! as the black strings. As shown in figure f, the length of the St is fixed by
the size ry, of the bubble. Note that in presence of a magnetic charge there is a minimal size
of the bubble, unlike in the uncharged k& = 1 case studied in [I§]. Also, these uncharged
k = 1 bubbles of nothing where shown to exist only under some critical length of the S?.
If, however, one adds magnetic charge, bubble solutions exist for any length of the S!. The
ground state is given by the lowest total energy bubble, which is given (in terms of the

black string quantities) by
T F

The energy of the bubble is plotted in figure [(] as a function of the size s of the asymptotic

By, = (3.45)

S!. For non-vanishing magnetic charge below the critical value there are three branches of
bubbles, that merge in a single branch above the critical charge. Therefore, there is a first
order phase transition between a small size bubble and a large size one for charges lower
than the critical charge ., that disappears for higher charge. Therefore, the quantum
phase transition that occurs in the strongly coupled dual gauge theory as one varies the
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Figure 7: The energy Ej, as a function of the of the size s = T—IH of the asymptotic St for k =1 at
four values of the magnetic charge q. The critical charge is given by gerit = 0.13586(1). In the first
two diagrams with g < ¢erit one finds three branches. At ¢ = gyt the branches merge into a single
one, which remains also at ¢ > qerit-

size of the S! found in [[§ for the uncharged k& = 1 bubbles becomes a quantum phase
transition between the states dual to the small/large bubbles, and then disappears for

q > erit-

4. Supersymmetric waves on strings

4.1 Construction of the solution

We now would like to construct supersymmetric generalizations of the magnetic string
solutions of [P, 3, that carry momentum along the string. To this end, we recall that
supersymmetric solutions of minimal gauged supergravity in five dimensions are divided
into timelike and null classes, according to the nature of the Killing vector constructed as
a bilinear from the Killing spinor. The general null solution has been obtained in [ and
reads!?

ds? = —H Y (F du? + 2dudv) + H?[(dz! + a1 du)? + 3?(da® + e 3% ao du)?]

(4.1)
A=A, du+ ﬁsaﬁ% da .

The function ¢(u,z?) is determined by the equation

92 +APp =0, (4.2)

1071 this section, the five-dimensional geometries are described by the coordinates {u,v, zt, 22, :v3}, where
2t = 2z, 22 = z and 2® = y. Latin letters i, j,... are indices on the three-dimensional flat space parame-
terized by {x', 2%, 2®}. Barly greek letters o, 3, ... are indices of the two-dimensional space {z?, 2%}, again
with flat metric. The antisymmetric tensor £, on this space is defined such that €23 = 1, and AP = 0aOa

is the flat Laplacian in two dimensions.
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H = 2 .3

and A, (u, %) is found by solving the Maxwell equation

D.[H?e* 0.(e? Ay)] + 0a(H?* Ay o) = gjﬂgamwﬂﬂ . (4.4)

Then, the functions a;(u,z?) are determined by the system

1

— 0300 (H3a3) = —H?e*? 0,(e? A,)

3o 0elHap) (€ )
V3

[aa(HSal) — Oz(Hgaa)] = H25a5Au,5 — @

1 (4.5)

2V3

whose integrability condition is (f.4). Finally, the function F(u, %) follows from the wu-

H?$ o

component of the Einstein equations,

1
Ryy = 2F, o F,° — gguu(Fz +12¢%). (4.6)

To find the subset of supersymmetric null solutions which describe waves on strings, we
suppose ¢ to be separable,

¢(u,m, Y, Z) = ¢1(u7 Z) + ¢2(ua xmy) . (47)

Substituting this expression of ¢ in the equation (f.J), we find that ¢; and ¢o have to
satisfy the equations

k
D% e = 54 e 201 (4.8)
k
A@ g, = 51 32 (4.9)

where k(u) is an arbitrary function. ([.§) implies

k
31 2= e — - 4.10
(61 = e o (110)
where ;(u) denotes again an arbitrary function. Equation ([.9) is the Liouville equation.
As a particular solution we choose
3o _ 049

=z
where Y (u,z,y) = 1 + k(2% + y?). To proceed we suppose that A, is a function of u and
z only. Then ([£4) implies that

(4.11)

A, =e % [a/dz (e ¢1.) 2+ 3], (4.12)
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with a(u) and B(u) arbitrary functions. The system ({.§) is solved by

EY-—1

= H3ay — 16\/§ay
g

I - gT )

- 16v/3ax

H -
ay gT )

+T H3a3 = (4.13)
where k' = 0,k and I'(u, z) is an arbitrary function. We introduce the new coordinate p
defined by

1

=— 4.14
P 2¢17z(ge¢1)3/2 ’ ( )

and choose
I'=-Hd,z, (4.15)

where z has to be considered as a function of w and p, and the derivative has to be taken
considering p as fixed. Then, if we rescale du — p3/2du, F — p=3/2F and 8 — p=5/23
to eliminate y, in the coordinate system {u, v, p,z,y}, the general solution ([.1]) takes the
form

3 Fe 2
ds? = h22 (;qu2+dudv> + <1 dp—FliT ! du)

9*p gph gk Y
4 E 2 2
+ 5 [(dx - 2\/§gay’fh% du> + (dy + 2\/§gagg’rh% du) } 7
o ! 2]{3 2 1 4803 p2 (4‘16)
Au:a{—2h$+3hé+g P [ <1+hé)]}+ﬁgp,
h gp h
ky kx
Ax == s A = -,
gv/3Y Y gVBY
where
Qk 2
h=1+2 3p . (4.17)
In the case in which a = 0 and k is constant, the solution ([.16) becomes
1 4h% dx? + dy?
ds? = ——— |dp? + h7/? fdu2—i-dudv —i——u ;
ol ¥ oo (4.18)
A 43g°p? ky Ao kx '
U h 9 X g\/g,ra Y g\/gT .

This solution describes a string with non-vanishing electric charge density. The wu-
component of the Einstein equations gives

8h2 —20h _  4h> P!
2 A (2 2 6 —

A particular solution of this equation is

345632 ¢> 1 1
F= 3 8 T B ) (4.20)
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In the case in which a = 3 = 0 the solution ({.16) becomes

1 1 K Y — 24 da? 4+ dy?
2 1 2
ds® = ey <2f du +dudv> —|—< hdp+gk T du) oy 12 ,
ky kx
0

(4.21)

L A=Y =
gV3Y Y gVBY

This solution describes a wave (with profile given by F) that propagates on a string in an
asymptotically AdSs space time. In this case the uu-component of the Einstein equations

is

8h? — 20h 4h?
TIAPF + = T F 4 o F
g2p P 92 PP
4p%k" [ 14 46h oh  32h2  16h%\  16p%k” 2h
dork (4 A0k gy 320 320 AORTN L00TRT (o 2R )
h7/2k 3 3 37 T T2 3h5/2 T
(4.22)
A particular solution of this equation is
F=H+P, (4.23)
where H is a solution of the homogeneous part of the equation ([£.29),
H(u,p,x,y) - Hl(u,p)HQ(u,a:,y) > (4'24)
where H; has to satisfy Heun’s equation!!
5 / 2 1\ 3c/(16k)
- _ A gy — 4.2
and Ho has to obey the Laplace equation
A(z)Hz =cHo, (4.26)

where A is the Laplacian related to the metric ds? = (dz? 4+ dy?)/Y? and c is a function
of u only.
P is a particular solution of the equation ({.29),

B
P=A+3+533: (4.27)

where )
k! 3 99 k" 6 )

k/Q ) 4k‘”
7 6 Bho+ 1200 + o

/2

B(u,p) = (4.28)

C(u, p) = W(S — 6h).

'We have introduced the new radial coordinate r = —%gzka and defined Hl = 0y Hi1.
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The sections of the geometry ([E21) with constant u, v and p are two-dimensional
spaces that have curvature proportional to k. It is amusing to note that, by choosing e.g.
k(u) = tanhu, these sections can change continuously from a hyperbolic space H? to a
sphere S? as the coordinate u varies from —oo to +oo.

In the case k = —1 and F = 0 the spacetime is described by the metric

4h2 dz? + dy? >

1
2 2 7/2 i 4
ds® = 5 57,2 <dp + h"*dudv + T2 (4.29)

This geometry describes a magnetic black string that asymptotes to AdSs [J]. This
solution preserves one quarter of supersymmetry and approaches the half-supersymmetric
product space AdS3 x H? near the event horizon at p = v/3/g.

4.2 Siklos-Virasoro invariance

An interesting property of the full family of solutions ([.21) is that they enjoy a large
reparametrization invariance, called Siklos-Virasoro invariance. Indeed if we perform the
diffeomorphism

u=x), v=v—ANu,p, 2%, P=+xp, T=+/x2", (4.30)
defined by the arbitrary function y(u) and

X" 6 4 YT-1
v | 52 52+ 21.13/2
2x 5g2kh5/ g2kh3/2 Y

AMu, p,x®) = +o(u), (4.31)

where o(u) is an arbitrary function, the metric and the field equations remain invariant in
form if the functions k, h, T and F transform according to

_  k 252 _ _
K= h_1+9§ . T=1+k@+7), (4.32)

X
o 1 p2k/ X// 6 p2 X// 2
;= Y {'7:+20 - [ 92k25/2 kh7/2] N + 52kho2  onT2 | \

6 X" (TN {40k X" 2% [X"\?
- 5¢2kh5/2 y' + T kh3/2 !  p3/2 Y
T-1 4p° k! 4K 4K X"
T CkRB/2 g2k2h3/2 + g2k2h3/2T

4 2,0 2 X// 2 4 X///
T <_92kh3/2 he/2 ngh?’/?T) (X') + g2kh3/2 X']} :
(4.33)
In particular, the equation (f.22)) remains invariant in form under this transformation. In

the case in which k — 0 this invariance was first obtained by Siklos [i4], and if we choose

= 3 X T(u
) =5y 7 (4.34)
m(w) =20,
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then F transforms in a simple way,

F S ;, {f +{xu} <p2 + 942(»%‘2 + yg)ﬂ ) (4.35)

where

N ONEYCUON
et =2 =5 () - 439

denotes the Schwarzian derivative.
It would be interesting to see if this Virasoro symmetry is related to the microstate
counting of black strings in AdS (see [ for related work).

5. Final remarks

While much effort has been dedicated to the study of the phases of black holes in Minkowski
spacetime times a circle, the study of the black hole phases in locally asymptotically AdSs
spacetimes with a non-trivial asymptotic circle is still in its embryonic stages. At the
moment, only the uniform black string phase has been investigated, and we generalized
this phase to the inclusion of the magnetic charge. Many interesting questions are still
open. First of all, it would be interesting to study the stability of these black strings
and to see whether a Gregory-Laflamme instability is present. It is also relevant to study
whether more general phases exist, as for example non-uniform strings and localized black
holes as in the Kaluza-Klein case. In the presence of a negative cosmological constant we
have the additional tool of the dual field theory. By interpreting the asymptotic S' as a
Scherk-Schwarz circle, the study of lumps of deconfined plasma, using the effective fluid
dynamics description, can give us some new insight on different possible coexisting phases.
This is currently under investigation.

Also, as we saw, the extremal string solutions with = 0 interpolate between AdSs at
infinity and AdS3 x S near the horizon. The field theory dual of this supergravity solution
has the interpretation of an RG flow across dimensions: The N/ =4 SYM theory on R x
S' x S flows to a two-dimensional conformal field theory in the infrared. We can compute
the central charge of this CFT as follows. According to [[], one has

. 3RAds;
2G5

where (G5 denotes the effective three-dimensional Newton constant related to G5 by

r rﬁVk B 2g3r}21VkN2
Gs Gs T ’

and we used the AdS/CFT dictionary in the last step. The curvature radius Ragg, can
be read off from the near-horizon solution (P.26), with the result Raqgs, = 2/v/a2. This
yields the central charge

. GggrﬁVkN 2

— (5.1)
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In the case where S is a compact Riemann surface of genus h (k = —1, V_; = 4n(h — 1)),
and quantized magnetic charge, ¢> = 1/12¢?, (b.1]) reduces correctly to the result of [[(],
namely ¢ = 8N2(h—1)/3 (cf. equation (75) of [i(] for a = 1/3, which is the case of minimal
gauged supergravity).

It would be very interesting to see whether the thermodynamic entropy of near-
extremal black strings in AdSs can be reproduced by using the central charge (p.1]) in
Cardy’s formula [i5].
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A. Fefferman-Graham expansion

We give here the first few terms of the Fefferman-Graham expansion of the black strings.
For convenience, we define v = gr and § = gq. Note that €7 and e?V have the same
expansion, up to the exchange of ¢, and ¢;, which simply corresponds to the double analytic
continuation swapping black strings with bubbles of nothing. Also the Inu terms always
come with a & factor.

y=u’+ gk + fLr;u M ctu—; L kgiﬁu - (Cz + ¢t — Z(l + 12(12)> 34
_fg(h;?;)Z - <Cz e ;1113) 5;26u
+ (EkQ(cZ +ct) —4deze — %I# — %k4g72 - lek:4(j4> 6%
EO (e By Laage) Bl
+ <c§ + i + 6cpep — k; <163 - q2> (c:+ct) + %k‘* + %k“f - 376k4cj4> 9758
+£31(;21u())3 i (W) 7 (A1)
—52(118156)2 — <cz +c — %kQ + ék2q2> 541269 + (;796]{262' + %k%t - %czct

—%k”‘ B Zlggk%qu B %kQCthQ B %k‘lf B 3,12k4(j4> %

+§§$’“W (326 * %Ct B 423529010k2 * 1%0 H) kiglu
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4 1 31 1027 581
+ (02 + =2+ —cyo — ———k%c

k2
45 % 10 60 17280 9600

1 53
+— ke + ke +

250849 4 9989 ~2> k
160 2400 93312000 972000 u8
P o (), (A2)
e?V = u? + g + 5212; % - % - <Ct Zcz - %k@ — 2741{:2§2> 9271;
—¢? (1;76)2 — <Cz +c — %)k? + ékz2d2> izﬁu + <55796k26t + %kz%z - %cza
—%k“ _ %k%tqz _ %kzcch _ %k‘*(f _ 3121#54) %
+;§Sk§2 (LI;U)z + @gc’f * %Cz - 423529010 Tt 1%0’““2‘?2) ki?“
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*agod + gt et + Gt + a0 <
+11i$§‘)3 +0 ((lzﬁ)2> . (A.3)
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